ll—ﬁ:i!,'*‘ -

°@;

2l CRANBROOK

N/, SCHOOL

R *E

HSC Ttial Examination

%

*

Mathematics Extension 2

Friday July 23, 2010

General Instructions | -

* Reading time — 5 rinutes
*  Writing time — 3 hours
= Al quesﬁﬁns should be attempted
®  Total marks available - 120
* All questions are worth 15 marks
. Begm anew 8 page booklet for each question
= An approved calculator may be used
* A table of standard integtals ¢ Cart be, found at the back of the paper

* Al relevant working should be shown for each quéestion



Question 1 (15 marks) Use a new 8 page booklet

(8) Find: Jx\/Sx—l d

(b) By using the substitution = tan-z-, evaluate
f de
s 2+sind
8

(¢) (i) Splitinto partial fractions:

dex

(ii) Hence evaluate: >
5 (x+2)(x° +4)

(d) 1f1n=J‘05 cos"x dx, (n=2)

(i) Showthatl,=(n-1)I,_2 -(n-DI

2
(i) Hence evaluate Icos €x dx
0
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Question 2 (15 marks) Use a new 8 page booklet Marks

(@) Ifz=3+ 24 plot on an Argand diagram

(i) zandz 1
(i) iz 1
(iii) z(1 +7) 1
(b) () Find all pairs of integers a and b such that (a + ib)? = 8 + 6 1
(i) Hence solve: 2% +2z (1+2i) — (11+2)) = 0 2
@ (@ IF = cosgwsin;i . find z° 2

(ii)  Plot on an argand diagram, all complex numbers that are the
solutions of z° =1 2

(d) Sketch the locus of the following. Draw separate diagrams.

() arg(z—1-2i) = % 1
(i) zz-3(z+2) <0 2
z—1 co

(iii) arg(m) == 2
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Question 3 (15 marks) Use a new 8 page booklet Marks

x2 y?.
a) Fortheellipse —+=—=1
@ > 258816
(i)  Find the eccentricity. 1
(ii) Find the coordinates of the foci S and S’. 1
(iii) Find the equations of the directricies. 1
x2 2
(iv) Sketch the curve —+ 2] 1
25016

(v) Show that the coordinates of any point P can be represented by
(5cos 0, 4sin 0) 2

(vi) Show that PS + PS' is independent of the position of P
on the curve. 2

(vii) Show that the equation of the normal at the point P on the ellipse
is 5xsin@—4ycosf —9sinfcosd =0 2

(viii) If the normal meets the major axis at L and the minor axis at M,

LG
prove that ——=— 2
PMES23

(ix) Show that the normal bisects ZSPS" 3
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Question 4 (15 marks) Use a new 8 page booklet Marks

Sm.2)2c & )
2+sin” x

1
(ii) Evaluate [? ,/}*—x dx 4
—-X

(b) Ifa>0,b>0andc >0, show that

(a) (i) Find j

(i) a*+b*+c’-ab-bc—ca=0 2
(i) a”; ¢ > iabe 4
(iii)) (a+b+d)(b+c+d)(c+a+d)a+b+c)=28labed 3
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Question 5 (15 marks) Use a new 8 page booklet Marks

(a) A concrete beam of height 15m has plane sides. Cross-sections
parallel to the ends are rectangular. The beam measures 4m by 3m
at one end and 8m by 6m at the other end as shown.

In the figure KLMN is the cross-
section and its distance from the top
is x metres. FW =x metres

(i) Show that an expression for the area of a cross-section at a distance
24x  4x

x metres from the smaller end is given by A(x) =12+ s + 75 3
(i) Find the volume of the beam. 2
(b) Find the exact volume of the solid generated by rotating the area bounded
by the curve y = log. x, the x - axis and the line x = 4 about the y-axis. Use the
method of cylindrical shells and include sketches with your answer.
5
(c) By slicing perpendicular to the y-axis, determine the volume formed when the
region bounded by the curve y =-3x* +12x* and the x-axis between x =0 and
x =2 is rotated about the y-axis. Include sketches with your answer.
5
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Question 6 (15 marks) Use a new 8 page booklet Marks

(@) A wasp after leaving its hive O, flies 2km North East, 4km30° West of North
and then 6km 210° True North.

(i) Convert each of the wasp’s flights into the form z = r cisé. 1

(ii) Draw a vector diagram showing the wasp’s flights relative to its
hive O. 1

(iii) Determine the resultant vector of the wasp’s flights. 1

(iv) Hence determine how far to the nearest 0.1km and in what direction
in radians to 1 decimal place is the wasp from its hive. 2

(b) (i) Given that P(x) has arational zero, find this zero and hence factorise
P(x) over the complex field of numbers if P(x) =2x* —3x*+2x-3. 2

(ii) If @, Bandy are the roots of the equation x’ +¢gx* +r =0, where r # 0

determine a cubic equation whose roots are L,%andl. 2
24 /4
(iii) The equation 2x® —13x”> —26x+16 =0 has roots in geometric
progression. Find these roots. 2
22 )2
(c) The tangent at P(a sec 6, b tan 6) on the hyperbola — =1
a b

meets a directrix at Q. S is the corresponding focus.

(1) Find the equation of the tangent at P. 1
(ii)) Find the coordinates of Q. 1
(iii) Show that PQ subtends a right angle at S. 2
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Question 7 (15 marks) Use a new 8§ page booklet Marks

3

a) Given y=
(a) e

(1)  Find the coordinates of all stationary points. 2

(i1) Find the points of intersection with the coordinate axes and the
position of all asymptotes. 1

3

(iif) Hence sketch the curve y = — 7 1
x2—
3
(b) Usethe graph y=— to find the number of roots of the
x —

equation x’ — k(x> —4) =0 for varying value of &. 2
(c) (i) Show that j f@de=[ “ L)+ f(=x)] dx 2

% =l 22

(i) Hence show that “._“,r ——dx = J.“ = ax 2

| ESiT LRCOSEY
(iii) Hence evaluate (* 1, dx 1
= LEsinx

(d) A sociologist believes that the fraction y(¢) of a population who

have heard a rumour after # days can be modelled by a continuous

kt
function given by y(¢) = —Lh , 120, where yyis
(1=yp) + e

the fraction, 0 < y, <1 for all #> 0, who have heard the rumour

at time ¢ = 0 and % is a positive constant.

(i) Showthat y, < y(¥)<1 forallz>0. 1

(11) Find the rate of change of y with respect to ¢. 1
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Question 8 (15 marks) Use a new 8 page booklet Marks
(@ (1) Find apolynomial p (x ) with real coefficients having 3i
and 1+ 27 as zeros. 2
(i) Find all zeros of the equation

6% —7x —28x2 45355 10=0" 3

(b) (i) If k is a positive integer such that & >4 ,show that
2k >3k +3k+1. 2

(i) Hence show by mathematical induction for positive integers n,
n# 3,that 3" > . 4

(©)

B

Two circles intersect at 4 and B. CAE is a straight line where C is a point
on the first circle and £ is a point on the second circle. The tangent at C
to the first circle and the tangent at E to the second circle meet at D.

1) Copy the diagram.
(ii) Prove that BCDE is a cyclic quadrilateral. 4
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